In this notes we give a survey of real rank and topological stable rank of C*-algebras.
Introduction and Preliminaries
One of the classical notions of dimension of a topological space X is the covering dimension (¼ dim X), which is the least integer n such that for any finite open covering fU i g nþ2 i¼1 of X there exists its refinement fV i g nþ2 i¼1 such that \ nþ2 i¼1 V i ¼ ;. Hence, for a T 1 -space X dim X ¼ 0 implies that X is a totally disconnected space. In the case of a normal space X, dim X is characterized as the least integer n such that every bounded continuous function from X into R nþ1 can be approximated arbitrarily closely by bounded functions which do not contain the origin in the range [55, Proposition 3.3.2] . Namely, if f ¼ ð f 0 ; f 1 ; . . . ; f n Þ, f i : X ! R continuous function, this implies that for any " > 0, there exist ðn þ 1Þ bounded functions g i : X ! R such that Brown and Pedersen generalized this concept for general C*-algebras and defined real rank as follows:
Definition 1.1 ([11] ). Real rank of a unital C*-algebra A is the least integer n such that for any ðn þ 1Þ self-adjoint elements a 0 ; a 1 ; . . . ; a n 2 A and for any " > 0, there exist ðn þ 1Þ self-adjoint elements b 0 ; b 1 ; . . . ; b n 2 A such that ka i À b i k < ", and P n i¼0 b 2 i is invertible. Then we write RRðAÞ ¼ n. If no such integer exists, we set RRðAÞ ¼ 1. If A has no unit, we define real rank of A as that of the unitization of A, That is, RRðAÞ ¼ RRðÃ AÞ, whereÃ A ¼ A È C.
From the definition we notice that RRðCðXÞÞ ¼ dim X for a compact Hausdorff space X. That is why we may consider real rank as non-commutative real dimension for C*-algebras. But, when X is a locally compact, not compact, Hausdorff space, then where X [ f1g denotes the one point compactification of X. In general, dim X 6 ¼ dimðX [ f1gÞ. Indeed, there exists a locally compact Hausdorff space X such that dim X ¼ 1, but dimðX [ f1gÞ ¼ 0 [50] . This phenomenon arises from the following fact: The previous characterization of the dimension by a functions space implies that RRðC b ðXÞÞ ¼ dim X (C b ðXÞ ¼ the set of all bounded complex valued continuous functions), that is,
Here X is the Stone-Č ech compactification of X. The last equality follows from dimension theory. So, in the case that A has no unit if we define its real rank as the real rank of the multiplier algebra MðAÞ of A, then we get
However, even in the case of a commutative C*-algebra C 0 ðXÞ, its Stone-Č ech compactification is very big and complicated [79] . Before the notion of real rank appeared, the notion of topological stable rank was defined by Rieffel, who studied the basic properties and stability theorem related to K-Theory for C*-algebras.
Definition 1.2 ([64]
). Topological stable rank of a unital C*-algebra A is the least integer n such that for any n elements a 1 ; a 2 ; . . . ; a n 2 A (not necessarily self-adjoint) and for any " > 0, there exist n elements b 1 ; b 2 ; . . . ; b n 2 A such that ka i À b i k < " and P n i¼1 b
Vaserstein proved that tsrðCðXÞÞ ¼ ½ dim X 2 þ 1 for a compact Hausdorff space X [76] , where ½Á Á Á denotes the integer part of.
So, we may consider topological stable rank as non-commutative complex dimension for C*-algebras. Let Lg n ðAÞ be the set of elements ðb i Þ of A n such that
Then, tsrðAÞ can be characterized as the least integer n such that Lg n ðAÞ is norm dense in A n . Note that if Lg n ðAÞ is dense in A n , then Lg k ðAÞ is dense in A k for all k ! n. So, we notice that this concept can be defined for a non involutive Banach algebra. More generally, there is a notion of the Bass stable rank for rings as follows: Definition 1.3. The (left) Bass stable rank of a ring A is the least integer n such that for any ða i Þ 2 Lg nþ1 ðAÞ there is ðb i Þ 2 A n such that ða 1 þ b 1 a nþ1 ; a 2 þ b 2 a nþ1 ; . . . ; a n þ b n a nþ1 Þ 2 Lg n ðAÞ. Then, we write BsrðAÞ ¼ n. If no such integer exists, we set BsrðAÞ ¼ 1.
In general, BsrðAÞ tsrðAÞ by [64, Theorem 2.3] . Fortunately, for any C*-algebra A, Herman and Vaserstein proved that tsrðAÞ ¼ BsrðAÞ [26] . This implies that we could use algebraic techniques from the algebraic K-theory to apply the stability theorem to C*-algebras.
Note that the Banach algebra AðDÞ of the functions which are continuous on the closed unit disk in the complex plane and analytic on the interior, has tsrðAðDÞÞ ¼ 2, but BsrðAðDÞÞ ¼ 1 [30] .
There is only one known relation between real rank and topological stable rank as follows,
. Let A be a unital C*-algebra. Then
RRðAÞ 2 tsrðAÞ À 1:
Comparing with the dimension theory, we are interested in whether such types as the sum theorem and the product theorem are obtained in real rank and topological stable rank.
For the sum theorem for topological stable rank Rieffel proved Note that we cannot replace tsrðA=JÞ þ 1 in the above inequality by tsrðA=JÞ (see Example 1.8).
In the case of real rank we can not hope the above type theorem generally. (But, if you consider the multiplier algebra MðJÞ of J, then we have RRðAÞ maxfRRðMðJÞÞ; RRðA=JÞg. See Proposition 3.4.) However, the case that J is isomorphic to the C*-algebra K of all compact operators on an infinite dimensional separable Hilbert space, then we have Proposition 1.6 ( [25, 33] ). Let A be a C*-algebra. Consider an extension:
Then RRðAÞ ¼ RRðBÞ. Remark 1.7. The same estimate does not hold in topological stable rank. See the following example. Example 1.8. Let A be the Toeplitz C*-algebra. That is, A is the C*-algebra generated by the unilateral shift operator S with respect to the canonical basis fe i g of ' 2 ðNÞ. Then RRðAÞ ¼ 1 and tsrðAÞ ¼ 2.
Proof. Consider the extension: where M n ðAÞ is the n Â n matrix algebra over A and fÁ Á Ág denotes the least integer greater than. (2) tsrðC½0; 1 AÞ tsrðAÞ þ 1.
In the case of a commutative C*-algebra CðXÞ, Beggs and Evans proved that 
In . Let A be a C*-algebra, let be an action of the group Z of integers on A by automorphisms, and let A o Z be the corresponding crossed product C*-algebra. Then
This estimate is the best one. Indeed, let A ¼ C½0; 1 and is a trivial action of Z on A. Then A o Z is isomorphic to Cð½0; 1 Â S 1 Þ. Hence,
Before closing this section, we present some examples and some questions. See also [6, 7, 17] .
(3) Let A be an irrational rotation algebra for 2 RnQ. Then RRðA Þ ¼ 0 [10] and tsrðA Þ ¼ 1 [62, 63] . (4) Let O n ðn ! 2Þ be the Cuntz algebra, i.e., the unital C*-algebra generated by n-isometries S 1 ; S 2 ; . . . ; S n with such relation that
. Then RRðO n Þ ¼ 0 and tsrðO n Þ ¼ 1. This conclusion follows from the following two results.
Proposition 1.15 ([64, Proposition 6.5])
. Let A be the unital C*-algebra which contains two orthogonal isometries. Then tsrðAÞ ¼ 1.
Recall that a C*-subalgebra B of a C*-algebra A is said to be hereditary if any a 2 A þ and b 2 B þ the inequality a b implies that a 2 B.
A C*-algebra A is said to be purely infinite if for any non-zero hereditary C*-subalgebra of A has an infinite projection.
Proposition 1.16 ([82]
). Let A be a purely infinite simple C*-algebra. Then RRðAÞ ¼ 0.
Note that O n is a purely infinite simple C*-algebra by Cuntz [15] . Here means the C*-minimal tensor product in this notes. 
Under what conditions do we get Brown and Pedersen [11] presented the following three interesting questions: (4) Let A be a -unital C*-algebra.
(i) Is it true that RRðMðAÞÞ ¼ 0 for every AF C*-algebra A ?
(ii) Is it true that RRðMðAÞÞ ¼ 0 for every C*-algebra A for which RRðAÞ ¼ 0 and K 1 ðAÞ ¼ 0 ? (iii) Is it true that RRðMðAÞ=AÞ ¼ 0 for every C*-algebra A of real rank zero ? (i) was affirmatively solved by Lin [35] , and (ii) and (iii) are false by Lin and Osaka [44] . Note that if we remove the -unital condition, there is a counterexample for (i), (ii), (iii) in the case of a commutative AF C*-algebra which was pointed out by Osaka [50] .
The class of C*-algebras of real rank zero and one of topological stable rank one have rich properties and play an important role in recent classification theory of simple C*-algebras. We discuss these classes in the next section.
Classes of C*-Algebras of Real Rank Zero and Topological Stable Rank One
In [11] Brown and Pedersen presented a beautiful characterization of C*-algebras of real rank zero. They showed the connections among the FS-property, the HP-property, and the real rank zero condition. On the other hand, several notions such as the FS-property were studied by some mathematicians and the relations among those notions, real rank zero, and topological stable rank one were observed. In [59] Phillips introduced the FU-property (the weak FUproperty), i.e., a unital C*-algebra has the FU-property (the weak FU-property) if every unitary in UðAÞ (U 0 ðAÞ) can be approximated by unitaries in A with finite spectrum, where U 0 ðAÞ is the connected component containing the identity in the set of unitaries UðAÞ. He proved that the weak FU-property is equivalent to RRðAÞ ¼ 0 and cerðAÞ 1 þ ", and proposed the question whether real rank zero implies cerðAÞ 1 þ ", where cerðAÞ 1 þ " if for any u 2 U 0 ðAÞ, u can be approximated arbitrarily by elements of the form expðihÞðh 2 A sa Þ (see [60, 61] for its related topics). Lin proved [35] that this is true, i.e., the weak FU-property is equivalent to the real rank zero condition. Another notion is the FNproperty, i.e., every normal element in a C*-algebra A can be approximated by normal elements on A with finite spectrum. He gave the affirmative solution to the old problem of whether a pair of almost commuting self-adjoint matrices is close to a pair of commuting self-adjoint matrices [85] , and its application implies that every AF C*-algebra has the FN-property [36] . This is further generalized by Friis and Rrdam [23, 24] , and they proved that a unital C*-algebra of real rank zero with connected unitary group has the FN-property if the set of normal elements is the closure of invertible elements. Hence, a unital C*-algebra A of real rank zero and topological stable rank one with connected unitary group has the FN-property.
At first, we present a characterization of C*-algebras of real rank zero. Remark 2.2. The condition (iii) implies that A has the SP-property, i.e., any non-zero hereditary C*-subalgebra has a non-zero projection. The converse is generally false [9] . Comparing with (vi) RRðA KÞ 1 for any C*-algebra A.
[1]
Definition 2.3. Two projections p; q in a C*-algebra A are said to be equivalent in the sense of Murray-von Neumann if there is a partial isometry u 2 A such that u Ã u ¼ p and uu Ã ¼ q. Then we write p $ q. 12, 58, 64] ). Let A be a unital C*-algebra.
Definition 2.4. A C*-algebra
(1) If tsrðAÞ ¼ 1, there is an isomorphism from GLðAÞ=GL 0 ðAÞ onto K 1 ðAÞ, where GLðAÞ is the set of invertible elements in A, and GL 0 ðAÞ is the connected component containing the identity. (2) The following are equivalent:
(i) tsrðAÞ ¼ 1.
(ii) There exists a projection p 2 A such that tsrðpApÞ ¼ tsrðð1 À pÞAð1 À pÞÞ ¼ 1.
(iii) For any non-zero heredirary C*-subalgebra B of A tsrðBÞ ¼ 1.
(iv) For any n 2 N tsrðM n ðAÞÞ ¼ 1.
(vi) For any T in the closed unit ball A 1 of A and " > 0 there exist three unitaries u 1 ; u 2 ; u 3 2 UðAÞ such that
(3) tsrðAÞ ¼ 1 implies that A has cancellation property.
Remark 2.6.
(1) If a C*-algebra A has cancellation property, the canonical map from VðAÞ ¼ f½p j p 2 M n ðAÞ projection; n 2 Ng into K 0 ðAÞ is injective, where ½p ¼ ½q means that there is a projection r 2 M k ðAÞ such that diagðp; rÞ $ diagðq; rÞ in some matrix algebra over A. (2) Generally, the cancellation does not imply tsrðAÞ ¼ 1. For example, a unital C*-algebra C½0; 1 A has cancellation property, but tsrðC½0; 1 A Þ ¼ 2 (see Remark 3.10 (2)). (3) Brown and Pedersen [12] generalized the condition (vi) and defined the extremal richness for C*-algebra A as follows:
Definition 2.7. Let A be a unital C*-algebra with closed unit ball A 1 the set exðAÞ of extremal elements in A 1 consisting of elements V in A 1 , necessarily partial isometries, such that
q be the set of quasi-invertible elements in A as below
A is said to be extremally rich if A À1 q is dense in A. In the case of non-unital C*-algebra the extreaml richness of A means that ofÃ A.
If A has topological stable rank one, then A There is a C*-algebra with real rank zero which is not extremally rich [34] . (4) There is a relation between topological stable rank one and cancellation property under the condition of the HP property (Theorem 2.1 (iii)) by Blackadar and Handelman.
Proposition 2.8 ([8])
. Let A be a C*-algebra with the HP property. Then A has cancellation property if and only if tsrðAÞ ¼ 1.
(5) Here is a sufficient condition for a simple C*-algebra to have cancellation property, which is the reformation of the observation by Rieffel and Blackadar [2, 65] .
Proposition 2.9. Let A be a simple unital C*-algebra. Suppose that there is a C*-subalgebra D of A such that 1. for any non-zero projection p in A there is a non-zero projection q in D such that 2q is equivalent to a subprojection of p. 2. there is a constant K > 0 such that tsrðqAqÞ K for non-zero projection q in D. Then A has cancellation property. This criterion will be used to check cancellation property for a pair of C*-algebras. See Sect. 4.
Formulas for Extensions and Tensor Products
The sum theorem for the dimension theory says that if X is a normal, locally compact space and F is a closed subset of X, then dim X maxfdim F; dimðXnFÞg:
Since its C*-extension is 0 ! C 0 ðXnFÞ ! CðXÞ ! CðFÞ ! 0; it seems that the formula RRðAÞ maxfRRðIÞ; RRðA=IÞg is correct for a closed two-sided ideal I of A, but it is false generally as Theorem 3.1 shows. The product theorem says that if X and Y are compact Hausdorff spaces, then
The corresponding C*-algebra is their tensor product
CðXÞ CðYÞ:
We hope that RRðA BÞ RRðAÞ þ RRðBÞ for unital C*-algebras A and B. But, it is also false generally as Example 3.2 (1) shows. In the above theorem if the induced map from K 0 ðAÞ to K 0 ðA=IÞ is not surjective, there is a projection in A=I K which can not be lifted to a projection in A K. So, Theorem 3.1 says that RRðA KÞ 6 ¼ 0, even when RRðIÞ ¼ 0. Hence, we know that RRðAÞ 6 ¼ 0 from Theorem 2.1. Using this observation we can construct interesting examples which imply that sum and product theorems do not hold for real rank as follows:
(1) ([33, Example 1]) Let O n ðn ! 3Þ be the Cuntz algebra [14] and set A ¼ O n O n . Then A is purely infinite simple, and RRðAÞ ¼ 0. Let B ¼ E n be the extended Toeplitz algebra with such an extension that
Note that A and B are nuclear. Then RRðBÞ ¼ 0 by Propositions 1.6 and 1.15. Consider the extension
Since the induced map from K 0 ðA BÞ to K 0 ðA O n Þ is not surjective [33, Theorem 4] , from the above observation we know that RRðA BÞ 6 ¼ 0. This implies that the sum and product theorems for real rank do not hold. Since A O n is purely infinite simple, RRðA BÞ 6 maxfRRðA KÞ; RRðA O n Þg ¼ 0, and Since dim X ¼ dim X for a locally compact Hausdorff space X, and CðXÞ is the multiplier algebra of C 0 ðXÞ, it is a natural question if the sum theorem for real rank holds in replacing a closed two-sided ideal I of a C*-algebra A by its multiplier algebra MðIÞ. This can be done using the following lemma. where ðA È C BÞ is the pullback C*-algebra fða; bÞ 2 A È BjðaÞ ¼ ðbÞg.
Proposition 3.4. Let A be a C*-algebra and let I be a closed two-sided ideal of A. Then RRðAÞ maxfRRðMðIÞÞ; RRðA=IÞg:
Proof. Let : A ! MðIÞ=I be a Busby invariant. Since A is isomorphic to the pullback fða; iÞ 2 A È MðIÞjðaÞ ¼ ðiÞg, the assertion follows from Lemma 3.3. Ã Remark 3.5. Since MðKÞ ¼ BðHÞ and RRðBðHÞÞ ¼ 0, Proposition 1.6 follows from the above proposition.
As in real rank we get the sum theorem for topological stable rank one. In the case that one of two C*-algebras is commutative, we have product theorems as follows. RRðC 0 ðXÞ AÞ dim X þ RRðAÞ:
The following are interesting results as product theorems. (1) Let A be a purely infinite simple C*-algebra and X a compact Hausdorff space. Then RRðCðXÞ AÞ 1:
(2) Let A be a C*-algebra. Suppose that tsrðC½0; 1 AÞ ¼ 1:
Then tsrðAÞ ¼ 1 and K 1 ðAÞ ¼ 0. (2) According to Theorem 3.8 and the criterion in (2), we know that tsrðC½0; 1 A Þ ¼ 2:
There is an example of a C*-algebra A such that tsrðC½0; 1 AÞ ¼ 1 but RRðAÞ ¼ 1 [47, Theorem 5.7] . Before closing this section we present some questions.
Question 3.11.
(1) Let A and B be simple unital C*-algebras with topological stable rank one. Then is it true that tsrðA BÞ ¼ 1 ?
Or, is there a counterexample? If both of them are simple unital AT-algebras (or more general class), we conclude that tsrðA BÞ ¼ 1 [17] . See also [48, 49] . (2) Let A and B be simple unital C*-algebras of real rank zero. Then, is it true that RRðA BÞ ¼ 0 ?
If one of them is a Kirchberg's algebra, i.e., a purely infinite, separable, nuclear simple C*-algebra, then the statement is true [31] . (3) ([64, Question 1.8] ) Let A be a C*-algebra. Then, is it true that tsrðC½0; 1 2 AÞ tsrðAÞ þ 1 ?
We know that tsrðC½0; 1 2 AÞ ! 2 [47, Proposition 5.3].
Blackadar's Problem for Crossed Product Algebras
In [5] , Blackadar proposed an interesting question:
Question 4.1. Let A be a unital AF C*-algebra, G a finite group, and an action of G on A. Then, is it true that
He constructed a symmetry on the CAR-algebra and proved that the fixed point algebra ðCARÞ is not an AF C*-algebra. It is a negative answer to the following question:
Is the fixed point subalgebra of the CAR algebra by a symmetry is an AF algebra? Evans and Kishimoto extended this result and proved that for any compact group G 6 ¼ feg and p ! 2, there exists an action of G on M p 1 whose fixed point algebra is not AF [22] .
We extend Question 4.1 as follows:
Question 4.2. Let A be a simple unital C*-algebra with RRðAÞ ¼ 0 and tsrðAÞ ¼ 1, G a finite group, and an action of G on A. Then, is it true that tsrðA o GÞ ¼ 1 ?
If we drop the condition of simplicity, there is a counterexample to this question, i.e., Blackadar constructed a symmetry on the CAR algebra such that CAR o Z=2Z is isomorphic to the tensor product algebra B of the BunceDedens algebra of type 2 1 and the CAR algebra [5] . If we set A is the tensor product of C½0; 1 and the CAR algebra, then
Since K 1 ðBÞ ¼ $ Z 6 ¼ 0, we know that tsrðC½0; 1 BÞ ¼ 2 as in Remark 3.10 (2) .
In this section we show using Proposition 2.9 that if A satisfies conditions in Question 4.2, then A has cancellation property. Hence, if a crossed product algebra A o G has real rank zero, then tsrðA o GÞ ¼ 1. This is an affirmative answer to Question 4.2.
The following estimate is needed to find a constant K in Proposition 2.9,2. where jGj is the cardinal number of G. in B Â B be a quasi basis for E, that is, any x 2 B can be written as
Then, tsrðBÞ n Â tsrðAÞ [54] .
Note that if G is a finite group and is an action of G on A, then a canonical conditional expectation from A o G to A is of index finite type.
Using this observation and C*-index theory [80] , we get To find a C*-subalgebra D of A o G which satisfies two conditions in Proposition 2.9 we assume that the crossed product A o G acts on some Hilbert space H. Let fu g g g2G be implemented unitaries of g such that g ðaÞ ¼ u g au Ã g for all a in A. Then any element x in A o G can be written as x ¼ P g2G a g u g . Let r G be the projection of A o G by r G ¼ 1 jGj P g2G u g , where jGj is the cardinal number of G. We conclude that the algebra D ¼ r G ðA o GÞr G is requested one in Proposition 2.9. Note that D is isomorphic to the fixed point algebra A . The following says that D satisfies the condition 1 in Proposition 2.9.
Recall that a C*-algebra A is said to have the SP-property if any non-zero hereditary C*-subalgebra of A has a nonzero projection. The following says that D satisfies the condition 2 in Proposition 2.9.
Proposition 4.9 ([54]
). Let G be a finite group and an action of G on a unital C*-algebra A. Suppose that tsrðAÞ ¼ 1. Then for any non-zero projection q 2 A
Hence we can get Theorem 4.10. Let A be a simple unital C*-algebra with tsrðAÞ ¼ 1 and the SP-property. Then A o G has cancellation property.
Proof. Since A o G can be written as direct sums of simple C*-algebras, we may assume that A o G is simple. Since A o G has the SP-property by Proposition 4.8, a corner subalgebra r G ðA o GÞr G (¼ D) has also the SPproperty. Take any non-zero projection. Since D is simple, using the standard argument (for example see [68, Lemma 3.4] ) there is a non-zero projection q in D such that 2q is equivalent to a subprojection of p. Hence D has cancellation property from Proposition 4.9 and Theorem 2.9. Ã Remark 4.11 ([54] ). Using C*-index theory we can prove cancellation property for a given C*-algebra B under the condition that a pair of simple unital C*-algebras, 1 2 A & B is of index finite and finite depth and A has topological stable rank one and the SP-property.
Corollary 4.12. Let A be a simple unital AF C*-algebra, G a finite group, and an action of G on A. Then A o G has cancellation property. If RRðA o GÞ ¼ 0, we have tsrðA o GÞ ¼ 1.
Remark 4.13. Generally a crossed product algebra A o G of a simple unital AF C*-algebra A by a finite group may have non-zero real rank as Elliott pointed out [20] .
Before closing this section we propose a question.
Question 4.14. Let A be a simple unital C*-algebra. Suppose that A has cancellation property with tsrðAÞ 2. Then, is it true that tsrðAÞ ¼ 1 ?
Tracial Topological Rank and Addenda
In [40] Lin introduced the tracial topological rank of a unital C*-algebra (write TRðAÞ) as a new non-commutative version of the covering dimension. As in real rank a unital commutative C*-algebra CðXÞ with tracial topological rank k if and only if dim X ¼ k [40, Theorem 3.5], and TRðCðXÞ AÞ dim X þ TRðAÞ as in Theorem 3.8 [27, Theorem 2.5] . If A is a unital simple C*-algebra with TRðAÞ ¼ k, then tsrðAÞ ¼ 1, RRðAÞ 1, and K 0 ðAÞ is weakly unperforated and satisfies the Riesz interpolation property [40, Theorems 6.9] .
Moreover, he showed that tracial topological rank plays an important role in classification of amenable C*-algebras [39, 41, 42] . That is, let A and B be unital separable simple nuclear C*-algebras with TRðAÞ ¼ TRðBÞ ¼ 0 and satisfying the universal coefficient theorem. Then A is isomorphic to B if and only if ðK 0 ðAÞ; K 0 ðAÞ þ ; ½1 A ; K 1 ðAÞÞ is ordered isomorphic to ðK 0 ðBÞ; K 0 ðBÞ þ ; ½1 B ; K 1 ðBÞÞ. This says that the class of unital separable simple nuclear C*-algebras with tracial topological rank zero and satisfying the universal coefficient theorem coincides with the class of unital separable simple AH-algebras with slow dimension growth and with real rank zero. (See [16, 21] for AH-algebras.) See [43] for the survey for classification theorem for simple C*-algebras with TRðAÞ ¼ 0.
In this notes we don't treat group C*-algebras C Ã ðGÞ. Dykema, Haagerup, and Rrdam succeeded to prove that topological stable rank of some free product C Ã -algebras is one. In particular, the reduced free group C*-algebra C Ã ðF n Þ on n generators has stable rank one [18, 19] . Sudo and Takai have studied the Lie group C*-algebras and determined their topological stable rank [70, 71, [73] [74] [75] . See [72] for the survey on the rank and structure theory of group C Ã -algebras of Lie groups.
Note that M. Nagisa showed that a full group C*-algebra obtained by the free product has topological stable rank infinity [46] .
